We deal with the distributions of holomorphic curves and integral points off divisors. We will simultaneouly prove an optimal dimension estimate from above of a subvariety W off a divisor D which contains a Zariski dense entire holomorphic curve, or a Zariski dense D-integral point set, provided that in the latter case everything is defined over a number field. Then, if the number of components of D is large, the estimate leads to the constancy of such a holomorphic curve or the finiteness of such an integral point set. At the begining, we extend logarithmic Bloch-Ochiai's Theorem to the Kähler case.
Introduction and results.
There have been found a number of interesting analogues among three themes, the Nevanlinna theory, the Kobayashi hyperbolicity, and the Diophantine approximation. Cf., e.g., [Ko70] , [Ko98] , [L87] , [L91] , [N91] , [N92] , [N97] , [NO 84 90 ], [V96] . In this paper we deal with the distributions of holomorphic curves and integral points off divisors. Let V be a complex projective algebraic variety and let D be a hypersurface (an effective reduced divisor) of V . We will prove an optimal dimension estimate from above of a subvariety W ⊂ V off a divisor D which admits, roughly speaking, an entire holomorphic curve f : C → W \ D with Zariski dense image, or which contains a Zariski dense D-integral point set, provided that everything is defined over a number field. Then, if the number of components of D is large, the estimate leads to the constancy of such a holomorphic curve or the finiteness of such an integral point set. Here we have the following counter objects: a non-constant holomorphic curve f : C → V \ D (1.1) Let M be a compact complex manifold of dimension m and let {D i } l i=1 be a family of hypersurfaces of M. We say that {D i } l i=1 is in general position if for any distinct indices 1 ≦ i 1 , . . . , i k ≦ l, the codimension of every irreducible component of the intersection k j=1 D i j is k for k ≦ m, and k j=1 D i j = ∅ for k > m. This notion is defined for singular M as well. Assume that M is Kähler. We denote by c 1 (D i ) ∈ H 2 (M, Z) i ∩H 1,1 (M, R) the Poincaré dual of D i ∈ H 2n−2 (M, Z) i , where H 2 (M, Z) i (resp., H 2n−2 (M, Z) i ) stands for the image of H 2 (M, Z) (resp., H 2n−2 (M, Z)) in the space H 2 (M, R) (resp., H 2n−2 (M, R)).
denote the Z-rank of the subgroup of H 2 (M, R) generated by
. For a subvariety W ⊂ M we denote by q(W ) the irregularity of W (= the dimension of the vector space of global holomorphic 1-forms of a desingularization model of W , which is independent of the model), and by #{W ∩ D i = W } the number of distinct non-empty cut loci W ∩ D i , 1 ≦ i ≦ l, such that D i ∩ W = W .
In the present paper it is assumed that an ample or a very ample divisor means an ample or a very ample effective one. For a divisor D we write the same notation D for its support unless confusion occurs. We use the standard notations, Z, Q, R, and C for the sets of integers, rational numbers, real numbers, and complex numbers, respectively.
The first purpose of this paper is to prove the following. 
Then we have that
(ii) Assume that all D i are ample. Then we have
Here (·) + stands for the maximum of 0 and the number.
Let NS(M) denote the Neron-Severi group of M; i.e., NS(M) = Pic(M)/Pic 0 (M). We know that
The following corollary provides also examples.
Corollary 1.4 Let the notation be as above. (ii) Let X ⊂ P m (C) be an irreducible subvariety, and let
hypersurface cuts of X that are in general position as hypersurfaces of
is complete hyperbolic and hyperbolically imbedded into X.
The above Corollary 1.4, (ii) for X = P m (C) was given by Babets [B84] , but his proof seems to carry some incompleteness and confusion. In the case of P m (C) and hyperplanes D i , the above (ii) with X = P m (C) and (iii) for f :
were first proved by Fujimoto [Fu72] and Green [G72] , where the linearity of W was also proved, and by their examples the dimension estimate is best possible in general (see Remark 4.12).
In the proof of Theorem 1.2, the logarithmic version of , [O77] , [K80] ) proved by [N77] , [N80] , [N81] 
is complete hyperbolic and hyperbolically imbedded into M.
As a special case this contains the result of M. Green [G78] that the complement of a divisor in a simple torus is complete hyperbolic and hyperbolically imbedded. In the case of simple torus M, m 0 = dim M and any hypersurface of M is ample.
In the Diophantine approximation, Theorem 
Corollary 1.7 Let the notation be as above.
(ii) Let X ⊂ P m K be an irreducible subvariety, and let
The dimension estimates obtained above are optimal (see Remark 4.12). M. Ru and P.-M. Wong [RW91] dealt with the special case of V = P m K and hyperplanes D i , and proved that if A is a (
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2 Logarithmic Bloch-Ochiai's Theorem for Kähler manifolds.
In this section we assume that M is a compact Kähler manifold of dimension m and let D be a hypersurface of M. We denote by Ω 1 M (resp., Ω 1 M (log D)) the sheaf of (resp., logarithmic) 1-forms (resp., along D). We set
and call q(M) (resp.,q(M \ D)) the (resp., logarithmic) irregularity of M (resp., M \ D).
By the Hodge theory due to Deligne [D71] we havē
Furthermore, global logarithmic 1-forms over M are closed (Deligne [D71] , Noguchi [N95] ).
We recall the construction of the quasi-Albanese mapping due to Iitaka [I76] . Let D i (i = 1, . . . , d) denote the connected components of the smooth part D \ Sing D of D. Let γ i denote small circles around D i ; that is, choose a point p i ∈ D i and local coordinates
R} → N be given by e iθ → (ǫe iθ , 0, . . . , 0) with small ǫ > 0. Then the Mayer-Vietoris
On the other hand, γ i ω = 0 for all closed 1-forms ω which are holomorphic on D i . Hence equality (2.1) implies that the Q-span of
Together we obtain the following: We may renumber γ i 's and choose logarithmic 1-forms ω k (k ∈ {1, . . . , ρ}) with the following properties:
Now, we define the quasi-Albanese variety A(M ′ ) as the complex quotient Lie group
, where " * " stands for the dual of the vector space, and the quasi-Albanese mapping
where x 0 ∈ M ′ is a fixed base point. By (2.2) the short exact sequence of complex vector
yields a short exact sequence of complex Lie groups
where C * denotes the multiplicative group of non-zero complex numbers, and A(M) denotes the ordinary Albanese variety (torus) of M.
We are now going to compactify A(M ′ ). We start with the standard compactification
This is an algebraic compactification. In addition, it is equivariant for the multiplicative (C * ) ρ -action on itself by translations. Therefore the (C * ) ρ -fiber bundle associated to the
. This implies that λ a can be lifted to an automorphism of A(M ′ ) which stabilizes A(M ′ ) and commutes with the (
Lemma 2.4 Let the notation be as above. Then the quasi-Albanese mapping
Albanese mapping of M. We may write α near p as
more precisely, lim x→p α j (x) = 0 if σ jk > 0, and lim x→p α j (x) = ∞ if σ jk < 0. If σ jk = 0, then ω j is holomorphic on D k and lim x→p α j (x) has a limit inside C * . Hence α extends to a holomorphic mapping from
. Hence,α are described as a tuple of meromorphic functions on U \ Sing D. Meromorphic (resp., holomorphic) functions can be extended meromorphically (resp., holomorphically) through an analytic subset of codimension at least two. Hence α extends through Sing D to a meromorphic mapping from
We call a complex Lie group T ′ a quasi-torus if T ′ carries an exact sequence of complex Lie groups similar to (2.3) with a complex torus T instead of A(M):
Then we can take a compactification
such thatπ : T ′ → T is a holomorphic (P 1 ) ρ -bundle and the inclusion T ′ ֒→ T ′ is T ′ -equivariant. Let X be an irreducible complex subspace of T ′ and set X ′ = X ∩ T ′ . Here we would like to discuss the stabilizer St(X) of X defined as the subgroup consisting of those elements of T ′ whose actions preserve the set X, and the quotient T ′ /St(X).
Since X ′ is dense in X, it is clear that
where "·" stands for the action of T ′ on T ′ . Using X ′ ⊂ T ′ , one may reformulate it as The intersection St(X) ∩ (C * ) ρ is a closed analytic subset of (C * )
Chow's Theorem it follows that St(X) ∩ (C * ) ρ is algebraic, and so is St(X) ∩ (C * ) ρ . Thus
for some integer τ ≧ 0. This yields an short exact sequence for the quotient group T ′ /St(X):
where T /π(St(X)) is a compact torus denoted by T 1 . We set T ′ 1 = T ′ /St(X) which is again a quasi-torus. Now, taking an algebraic equivariant compactification (
we obtain the (P 1 ) τ -bundle over T 1 associated to the (C * ) τ -bundle T 
, we have a short exact sequence by (2.8)
Using the above chosen algebraic compactification (C * ) τ ֒→ (P 1 ) τ , we obtain a compacti-
, which is a (P 1 ) τ -bundle over T associated to the (C * ) τ -principal bundle T ′ 2 → T . Both T ′ and T ′ 2 are bundles over the same compact base manifold T . Hence, in order to discuss the closure of the graph of the mapping
we may restrict ourselves to the fibers over the base manifold T . But the fibers (P 1 ) ρ and (P 1 ) τ are algebraic and the projection (C * ) ρ → (C * ) τ is an algebraic morphism of algebraic groups.
Hence the projection (C * ) ρ → (C * ) τ extends to a meromorphic mapping (
and consequently the projection
Then C ∼ = π(St(X)) and it is a compact torus by (2.6). Hence the projection T ] and [N98] that X ′ 1 is of general type, and specially, X 1 is a Moishezon space. It follows from (2.8) that Summarizing the above obtained, we have
Lemma 2.11 Let T ′ be a quasi-torus and let X ⊂ T ′ be an irreducible complex subspace.
(i) The quotient space T ′ /St(X) is a quasi-torus, and the quotient mapping λ :
is holomorphic and meromorphically extends toλ : 
by virtue of the universal property of the quasi-Albanese variety (Iitaka [I76] ). Set A 
Integral point sets
In this section K denotes a number field, and M(K) denotes a set of inequivalent nontrivial places (absolute values) of K satisfying the product formula
Let M(K) 0 denote the subset of all non-archimedean places of M(K). We have the ring
Let S be a finite subset of M(K) containing all infinite places. We call a ∈ K an S-integer if There is a system of transition functions f λµ on U λ ∩ U µ associated with this trivialization of L. Now first, we assume that L has no base locus, so that there is a basis
is a morphism. Let σ i |U λ be given by a regular function σ iλ ∈ O(U λ ). Then
be a section such that the divisor (σ) = D, and define a v-length
which is independent of λ. Then we set
Suppose that other choices of sections σ i and σ similarly yield n
We define 
This makes sense except where n v (D 1 ) = n v (D 2 ) = −∞ (it happens in D 1 ∩D 2 ). However, equation (3.4) is equivalent to a more explicit formula which makes sense even in D 1 ∩ D 2 . Namely, taking a refinement of the above covering {U λ } if necessary, we have a basis
for x ∈ D 1 ∩ D 2 and we may take this as definition for
Thus there is a well-defined (up to addition by a term bounded by an
When S contains no non-archimedian place, A is called simply a D-integral point set.
Note the following:
(ii) If D is effective, then an arbitrary (D, S)-integral point set is contained in V (K)\D.
(iii) The function {n v (D)} v∈M (K)\S is called a Weil function, and is an analogue of the counting function of poles in the Nevanlinna theory (cf. [V] ). This is the reason why we use the notation n v (D) here.
(iv) For two divisors D, D ′ we have a natural addition formula
For example, we take a very ample divisor D of V . Let {σ 0 , σ 1 , . . . , σ N } be a basis of 
Proofs
We will simultaneously give the proofs of our statements for holomorphic curves and integral point sets, where the arguments are analogous.
(a) Proof of Theorem 1.2, (i).
Let W and 
Since the Chern classes c 1 (
there are at least l 0 − r independent Z-linear relations between c 1 (
be such relations. By changing the indices and by elementary transformations of matrices one may assume that
Since M is Kähler, there are multiplicative meromorphic functions
are linearly independent over C. Thus we havē
Since f : C → W \ D lifts to a holomorphic curvef : C →W \D with Zariski dense image, Theorem 2.12 and (4.2) imply that 
This is almost the same as Vojta [V96] , Corollary 0.3, and follows from [V96] , Theorem 0.2 and (4.2).
To prove Theorem 1.2, (ii) and Theorem 1.6, we count the number l 0 = #{W ∩D i = W }.
In the sequel, we will take a finite extension of K as much as we need, but this does not weaken our claim. Set n = dim W . For every 1 ≦ j ≦ l 0 , let s j denote the number of hypersurfaces D i with
Changing the indices, we may assume that For l 0 > n we have l 1 = n. By (4.3) we have
It follows from (4.5) that 1 l 0
Since s 0 ≦ l 0 n s 0 , it follows from (4.7), (4.6) and (4.3) that
(c) Proof of Corollaries 1.5 and 1.7. Due to M. Green [G77] , there is a stratified version of Brody's theorem (cf. [Ko98] , Theorem (3.6.13) for this generalized form):
Lemma 4.8 Let X be a compact complex space and let {E i } i∈I be a family of Cartier hypersurfaces of X. Assume that for every subset ∅ ⊆ J ⊆ I, every holomorphic curve
is reduced to a constant mapping, where j∈∅ E j = X. Then X \ i E i is complete hyperbolic and hyperbolically imbedded into X.
Suppose that (i) of Corollary 1.5 or 1.7 is false. In case of Corollary 1.5, it follows from Lemma 4.8 that for some subset ∅ ⊆ J ⊆ I = {1, . . . , l}, there exists a non-constant
Let W be the Zariski closure of f (C) in M. Or, in case of Corollary 1.7, there exists an infinite ( First, we note that in Lemma 4.8 f may be assumed to be of order at most 2; hence, in the present case f is a translate of a one-parameter subgroup of M. Furthermore, by [A72] such f , if exists, must take values in any ample divisor of M.
Assume that (i) is false. Then there is a translate W of a positive dimensional closed subgroup B of M such that W ⊂ l i=1 D i . Thus, m 0 ≦ dim W ≦ dim M − l, which contradicts the assumption.
In the case of (ii), we have a subset J of the index set I = {1, . . . , l} such that
The first inclusion relation implies 
By taking a finite extension K of Q or C, it is just easy to have such a variety W of dimension m 0 as it contains a Zariski dense ( D i ∩ W, S)-integral point set of W (K), or over C it admits an entire holomorphic curve with Zariski dense image.
(ii) In [MN96] we constructed a number of irreducible hyperbolic hypersurfaces D of P m C whose complements are hyperbolic and hyperbolically imbedded into P m C . One may define those D over any number fields. It is an interesting problem to study (D, S)-integral point set of the complement of D. In fact, we proved in [N97] the corresponding finiteness theorems for function fields and S-unit points over a number field. URL: http://www.cplx.ruhr-uni-bochum.de/˜jw/index-e.html
